Exercise Sheet 5

Deborah Righi

November 2024

Let us consider A, B two abelian categories.

1.

Let S be the category of short exact sequences in A, and ¢ a homological d-functor
with additive functors {7; : A — B}i>o0.
For ¢ > 0 we call F; the functor & — B which sends the short exact sequence

0—-A—-B—-C—=0

onto the object T;(C), and the morphism f,

A B C
J{f 2 J{f 1 J{f 0
A / c'

0

0

onto the morphism T;(fp) in B.
Similarly we define the functor G; : S — B which sends the short exact sequence

0—+A—-B—-C—=0
onto the object T;(A), and the morphism fo

0 A B C
Jf 2 Jf 1 Jf 0
A / c'

0

onto the morphism T;(f2) in B.
These are both well defined functors since each T; is a functor.
Since for each i > 0, d; assigns to each object

0—-A—-B—->C—=0

in § a morphism T;(C) — T;_1(A), for §; to be a natural transformation F; = G;_;
it remains to show naturality, which is to say that for all morphisms of short exact



sequences

0 A B C 0
lf2 lfl lfo
0 A ! C’ 0
the diagram
Tz(C) 6;(0—+A—B—C—0) Tz’—l(A)
Ti(f2)=Fi(fe) l Ti—1(fo)=Gi-1(fe)
T:(C") T;1(A)

3;(0—A'—-B’'—C"'—0)

commutes. This is the case because § is a homological d-functor which allows us to
conclude.

. Suppose first that P, is a projective object in Ch(A).
We then have that P,[—1] is also projective because for any diagram

P,[—-1]

|

Ag —» B,

the projectiveness of P, means we have a morphism which makes the induced diagram

-7 J/
-
-
-
-
-
N

Ao[+1] — Ba[+1]
commute. Taking the induced morphism P,[—1] — A, makes the diagram

P,[—1]

|

K’
A. B.

commute.

We can then consider the diagram



where the morphism 7! is projection onto the first element
W}L :Cone(Pe)p = Pr—1 @ Py, — Py_1 = Po[—1]p,

and similarly 72 as used below is projection onto the second element.
The projectiveness of Py[—1] means we have a morphism of chain complexes

e : Po[—1] — Cone(P,)
such that 7l o e = Idp, [—1]-

This identity and 1, being a chain morphism yield the following equalities for all
n € Z:

7t o, = Idp, |
tn o dﬁ = drcz’j-qe(P) © Pnt1-

Using the definition of the chain maps for the cone of P, and plugging in the first
equation gives

2 P 2 Cone(P)
Ty © ¢n © dn =Ty o dn+1 o ¢n+1

—dr 0
= 77721 o |}d; dP+1] © Ppi1
n n
= [IdPn drILDJrl] © Pnt1
= 7T7lz+1 °Yny1+ d§+1 o 7Tr2L+1 ° Ynt1
=Idp, + d5+1 0 7r721+1 © Pnt1

SO
Idp, = (7772z o1p)o dTFL) - d5+1 o (7r721+1 © Ynt1)

which means that the identity is nullhomotopic, and P, is split exact.
To show that each P, is projective we fix n € Z and consider any diagram
P,
ls
A—"-B

where 7 is epi, and then construct the morphism of chain complexes

Ida

» 0 A A 0 >
]
» 0 B T B 0 y



where the chain complexes on top and bottom have non-zero elements only in the
(n+1)-th and n-th positions, noting that it is epi since 7 is. We also have a morphism
of chain complexes

d dar dP
n+2 n+1
>PTL+2*>PTL+1 Pn = Pn72 e

D e b

» 0 B T B 0 >

which allows us to use the projectiveness of P, to obtain a morphism of chain com-
plexes go such that the diagram

dy; ¥
> Pn+2 *> Pn+l + Pn n— >
/
S S S
» 0 A 0 >
J/ den+1 T \l lﬂ— J/
Idp
» 0 B B 0 >

commutes. This directly implies the commutativity of the diagram

ot

A—— B
and the arbitrary choice of n € Z allows us to conclude.
We have now shown that

P, is a projective object in Ch(.A)
— P, is split exact and each P, is projective in A

and go about about proving the converse.

Let P, be a chain complex in Ch(A) which is split exact and such that each P,
is projective in A.

Option 1:
P, being split exact means we have morphisms v, : P, — P41 such that

Yn-10 dﬁ + d5+1 o, =Idp,

4



for all n € Z.
Let us consider two chain morphisms f, and 7,

dd dg
> A1 ! AQ 0 A_1 >
bl
> Bl d{B Bo d(}? B,1 >
Tfl Tfo Tfﬂ
> P1 df PO d(}f P_1 >

where 7, is epi.
The projectiveness of each P, means we have morphisms h, : P, — A, which make
the diagram

commute for each n € Z.
We claim that setting

gn = dA 0 hyy1 0Py +hy ot qodl i P, — A,
for each n € Z will give the identity
Jo = Te © ge.
This is easily verified since for all n € Z we have
Tn © gn = Ty 0 (A2t 1 0 Ryt 0 Y + hyy 0 1 0 dY)
=dB, 1 0Tni10hnt1 0%n + frothy_10dl
=dP, 10 fur10Un+ faothn_10dl
= fo o (Yn-r0dy +di/ 1y 0 )
= fnoldp,
= /n
by using the fact that ,, ¥,_1 are homotopy maps.

Additionally, ge is a well-defined chain morphism because
dﬁ Ogn = dﬁ 0 (d:z‘+1 0 hpt10¢n + hpoPn_a Odf)
=dj} o hpotpp_10df
= (dﬁ o hn o wn—l + hn—l o ¢n—2 © df—l) o d?f

=9gn-10° dﬁ



for all n € Z.

Since the chain complex A, was chosen arbitrarily we conclude that P, is projec-
tive.

Option 2:
P, being split exact means we have morphisms v, : P, — P41 such that

Yn_10dl +db oy, =Idp,

for all n € Z.
The existence of such morphisms means that the chain complex is exact and also
allows us to construct the isomorphism

P

with inverse

tn Wni] : ker(d)) @ im(df) — P

for all n € Z.
We would like to show that

P
dyiq dal

» Poy P, P
J l[dfﬂownﬂl J ldf+1own] J l[dﬁo¢n_1]
df—o—l d"]j df—l
» ker(dl ;) @ im(df ;) — ker(d}) @ im(d)) —— ker(dl_,) ® im(df_,)

is an isomorphism of chain complexes, where the differentials of the chain on the

bottom are all of the form [0 n

0 0 ] , with ¢,, being isomorphisms given by the exactness

of the chain complex P,.
This is the case because by choosing the ¢,, appropriately, we can use Freyd-Mitchell’s



embedding theorem and suppose that ¢, is the identity, which then means

df o dnor| e _ [dF 0 b 1 0df
dyy " dy_y o dy
_ [dF o (1dp, —dEyy o)
0
o
~lo
_ [#nod]
| o
_ [0 en] [dFri0wn
0 0 d? '

Finally, there is an isomorphism between the chain complex on the bottom row and
the direct sum over every n € Z of the chain complexes P(n)

' 0 im(dF) o ker(dP_|) —— 0

because the former satisfies the universal properties of the product and coproduct.

This means that it is enough to show that the direct sum is projective, for which
it is enough to show that each individual element in the direct sum is projective.

To this end, fix n € Z and suppose we have morphisms of chain complexes
P(n)
I
where 7, is epi.
Since P, = ker(d}) @ im(dl)) is projective, im(dZ) must be as well, so there exists a
morphism g, : im(dY) — A, such that 7, 0¢, = f,. Now setting g, 1 = d;? ognody,

and completing go : P(n) — Ae everywhere else with zero morphisms we have that
ge is a well defined morphism of chain complexes by definition of g,_1, and satisfies



Te © g = fo. At every index other that n — 1 this is immediate, and at n — 1 we have
Tn—19°9gn—1 = Tp—1© dﬁ O gn© ¢;1
=d}omyognody,
= df ofno ¢771
= fnfl

because m, and f, are both morphisms of chain complexes.

We therefore have that each P(n) is projective which allows us to conclude.

. Suppose that 4 has enough projectives, and let A, be a chain complex in Ch(A).
For all n € Z we have a projective object P, in A and an epi f, : P, — A,.
These projective objects define a chain complex

y P Pp —— PPy —— Py®d P4 >

1d
0 0}
Setting @, = P,,+1® P, we may call this chain complex ), and we claim that setting
n = [dﬁJrl ° frt1 fn} 1 Qn — Ap

for all n € Z defines a chain morphism ge : Q¢ —> Ae.
This is the case because

dﬁ O gn = dﬁ © [dé—H o fnt1 fn}
= |[ddoditi 0 fus1 dii o f]

- :0 d4 o fn}

with differentials

= [0 dito fooldp,]

r 0 Id
_ g4 Py,
- _dn Ofn fn—l} o [0 0 ‘|

= gn—-1 OdeL

Moreover, each map g, is epi, because its second component, f,, is epi. Using Freyd-
Mitchell it is easy to see that any map from a direct sum of two objects to a third
object is epi if either of its two components are epi. Therefore ge is epi in Ch(A).

. 0 0
The maps ¢, : @Qn = Poy1 ® Py, = Puio @ Pyy1 = Qny1 given by Id 0] are
homotopy maps between the identity and 0 on (., because

0 [r1d o
dn+1own_[0 0]
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and
0 O
Q _
Yn-rodi =1 Id]
Idg, =vn-10 dg + ngrl 0 .

Finally, using the result of the previous exercise, it remains to show that each
Qn = P11 @ P, is projective for us to have defined a projective chain complex @,

S0,

and an epi g : Qo — Ae.
This is immediate since each P, is projective.

4. Suppose we have the following diagram in A

» P P P, —< A 0

» Py P! Py~ A 0

where the column is exact and the rows are projective resolutions.
We set P; := P/ @® P!" and use the canonical injection and projection associated to the

direct sum to extend the diagram

0 0 0 0
> P} P P, —< A 0
L2 L1 Lo LA
Py Py Py A
T2 st 0 TA
» Py Py Py < A 0
0 0 0 0

noting that the columns are all exact because A is abelian.
We will now construct the chain maps for P, by induction such that te becomes a



chain map P, — P, and m, becomes a chain map P, — P), and P, is a projective
resolution of A.

In fact we only have to guarantee the first two conditions because by the long exact
sequence of homology groups of

0P, —P,— P/ -0
any such chain maps would make the sequence exact.

At step zero we define € : Py — A by setting ¢ = {f(’) 6’}, where fl = 14 0¢€,
and f{ is given by the projectiveness of P}/, making the diagram

A

[
0 - lm
-

.

/! 2
commute (74 is epi because the column is exact).

9n  9In

/! "
For n > 1, we write d) = lffL f”]

Considering the diagram

P/
dy, ,
n n—1

LnJ/ lbnf 1
dP

Pn*n>Pn—1

ﬂni [

P//
dn 1"
n—1

we observe that the top square commutes if and only if f/ = dr” and ¢/, = 0. If this is

the case then the bottom square commutes if and only if g/ = df’ ". This means that

n
P’ "
dn n

0 at”
We define the morphisms f/ by induction such that df o d | =

the diagram commutes if and only if df’ = l ] for some morphism f.

n—1 —

If n =1 then we have df o d?” | = [f(’) od fhofl + foo df”]. Given that

/ . . . . .
fo = ta o€ and that ¢ and d?" and consecutive maps in a projective resolution, we
need f/ such that

foo fl=—f od".

10



We notice that by definition of fj we have
mao(—fgod") = —mao fiodi”
— o df“

=0

so by exactness of the column in our very first diagram we have a diagram

/"
Pl

17
' Y T/ o
1! OOdl
n |
~

that is completed by a morphism f;/ by projectiveness of P/, since the bottom mor-

phism is epi because € is.

Suppose now that the morphisms f/_;, ..., f{’ have all been constructed, for n > 1.

We have dZod? | = 0 2P o g

n—1 n

0
so we want to find f/ such that

P’ " __ 1" P
dn—lofn - n—lodn .

By the inductive argument we have that
P/ P// Pl P//
dn72 o (_fvlilfl ° dn ) _(dnf2 o frlz/fl) o dn

=—(= 7/1/72 o dle) o dfn

= fn_200
=0
if n > 2, and if n = 2 we have
tao(dy o(—fody")) =—(aody off)od”
= —(=fg odi")od}"
= (I]/OO
=0

. / 7 . .
which means d!”, o (—f”_; 0dr") = 0 since 14 is mono.

Therefore by projectiveness of P! we can complete the diagram

/!
PTZ

1 P’
1 \ilOdn
",
o
2

P, — ker(dX” )

n—1

11

dﬁl—l °© dfl d5/—1 ofu+fuyo dﬁﬂ] = [O dﬁl—l o fy + fn10 df/l

0

9



with a morphism f]/ such that it commutes.

This way we can define all the chain maps, which allows us to conclude our proof
of the Horseshoe Lemma.
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